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MINIMALITY OF SYMPLECTIC FIBER SUMS ALONG
SPHERES
JOSEF G. DORFMEISTER
Abstract. In this note we complete the discussion begun in [24] con-
cerning the minimality of symplectic fiber sums. We find that for fiber
sums along spheres the minimality of the sum is determined by the cases
discussed in [27] and one additional case: If X#V Y = Z#V
CP2
CP 2 with
VCP2 an embedded +4-sphere in class [VCP2 ] = 2[H ] ∈ H2(CP
2,Z) and
Z has at least 2 disjoint exceptional spheres Ei each meeting the sub-
manifold VZ ⊂ Z positively and transversely in a single point with
[Ei] · [VX ] = 1, then the fiber sum is not minimal.
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1. Introduction
The symplectic fiber sum has been used to great effect since its discovery
to construct new symplectic manifolds with certain properties. In four di-
mensions this has focused on manifolds with symplectic Kodaira dimension
1 or 2. Moreover, it was shown in [18] and [12] that symplectic manifolds
with symplectic Kodaira dimension −∞ are rational or ruled; these are
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rather well understood. Hence it is reasonable to ask whether this surgery
can produce new manifolds of Kodaira dimension 0. As Kodaira dimension
is defined on the minimal model of a symplectic manifold, it is first neces-
sary to answer the question under what circumstances the symplectic sum
produces a minimal manifold.
This question has been researched for fiber sums along submanifolds of
genus strictly greater than 0 by M. Usher, see [27]. In this note we complete
the discussion for fiber sums along spheres.
The symplectic fiber sum is a surgery on two symplectic manifolds X
and Y , each containing a copy of a symplectic hypersurface V . The sum
X#V Y is again a symplectic manifold. Section 2 provides a brief overview
of the symplectic sum construction and minimality of symplectic manifolds.
A minimal symplectic manifold contains no exceptional spheres, i.e. no em-
bedded symplectic spheres of self-intersection −1. Furthermore, we review
the main tool for proving the following theorem, namely the symplectic sum
formula for Gromov-Witten invariants. Applying this formula in the genus 0
case will involve a detailed look at the behavior of relative curves in relation
to the hypersurface V .
Symplectic sums along spheres can be classified due to the following result
by McDuff: Thm. 1.4 in [20] implies that one of the summands must be
contained in the following list:
• (Y, VY ) = (CP
2,H), [H] the generator of H2(CP
2,Z),
• (Y, VY ) = (CP
2, 2H),
• Y a S2-bundle over a genus g surface, VY a fiber, or
• Y a S2-bundle over S2, VY a section.
Section 3 provides a number of examples of manifolds which can be involved
in a symplectic sum along a sphere. Emphasis is placed on the case of a
−4-sphere as this provides the most intriguing examples.
A case by case study in Section 4 considers the main topic of this note,
the minimality of fiber sums M = X#V Y along symplectic spheres V in X
and Y . The minimality of sums containing an S2-bundle as one of the sum-
mands is identical to the case of higher genus sums considered in [27]. The
arguments concerning the CP 2 summands make use of the sum formula for
GW-invariants, and in particular the case of (CP 2, 2H), the rational blow-
down of a −4-sphere, is interesting. In contrast to the positive genus case of
[27], exceptional spheres produced in the sum along a sphere may contain
contributions from curves with components lying in the the hypersurface V .
The arguments involving the sum formula must take into account this subtle
issue.
For rational blow-downs, we show that the sum is not minimal in the
presence of a certain configuration of curves. This leads to the following
criterion for minimality:
Lemma 1.1. Let M = X#VX=2HCP
2 be the rational blow-down of an
embedded symplectic −4-sphere VX in X. Then M is not minimal if:
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• X\VX is not minimal or
• X contains 2 disjoint distinct exceptional spheres Ei each meeting
VX transversely and positively in a single point with [Ei] · [VX ] = 1.
This result, together with the genus g > 0 case proven in [27], completely
answers the question of the minimality of the symplectic fiber sum in di-
mension 4:
Theorem 1.2. Let M be the symplectic fiber sum X#V Y of the symplectic
manifolds (X,ωX) and (Y, ωY ) along an embedded symplectic surface V of
genus g ≥ 0.
(1) The manifold M is not minimal if
• X\VX or Y \VY contains an embedded symplectic sphere of self-
intersection −1 or
• X#V Y = Z#V
CP2
CP 2 with VCP 2 an embedded +4-sphere in
class [VCP 2 ] = 2[H] ∈ H2(CP
2,Z) and Z has at least 2 disjoint
exceptional spheres Ei each meeting the submanifold VZ ⊂ Z
positively and transversely in a single point with [Ei] · [VX ] = 1.
(2) If X#V Y = Z#VBB where B is a S
2-bundle over a genus g surface
and VB is a section of this bundle then M is minimal if and only if
Z is minimal.
(3) In all other cases M is minimal.
The non-minimal setup in the rational blow-down is the following gluing:
X CP 2VX
E2
E1
VCP 2
H
Figure 1. The criterion case for non-minimality in the ra-
tional blow-down of a symplectic −4-sphere VX .
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2. Preliminaries
In this section we provide an overview of the methods used in the proofs.
This is to make this note self-contained and to introduce notation used in
the rest of the paper.
2.1. Symplectic fiber sum. The symplectic fiber sum is a smooth surgery
operation which is performed in the symplectic category. Let X1, X2 be
2n-dimensional smooth manifolds. Suppose we are given codimension 2
embeddings ji : V → Xi of a smooth closed oriented manifold V with
normal bundles NiV . Assume that the Euler classes of the normal bundle
of the embedding of V in Xi satisfy e(N1V ) + e(N2V ) = 0 and fix a fiber-
orientation reversing bundle isomorphism Θ : N1V → N2V . By canonically
identifying the normal bundles with a tubular neighborhood νi of ji(V ), we
obtain an orientation preserving diffeomorphism ϕ : ν1\j1(V ) → ν2\j2(V )
by composing Θ with the diffeomorphism that turns each punctured fiber
inside out. This defines a gluing of X1 to X2 along the embeddings of V
denoted M = X1#(V,ϕ)X2. The diffeomorphism type of this manifold is
determined by the embeddings (j1, j2) and the map Θ.
That this procedure works in the symplectic category is due to Gompf
([4]) and McCarthy-Wolfson ([19]). Assume X1 and X2 admit symplectic
forms ω1, ω2 resp. If the embeddings ji are symplectic with respect to these
forms, then we obtain M = X1#(V,ϕ)X2 together with a symplectic form ω
created from ω1 and ω2.
This procedure can be reversed, this is called the symplectic cut, see [8]
for details. Throughout this paper, we suppress the map ϕ in the notation
and work in the symplectic category. Hence we refer only to the fiber sum
M = X1#VX2.
2.2. Notation. Let (X,ωX ) be a smooth, closed, symplectic 4-manifold.
We shall generally not distinguish between a symplectic form ω and a sym-
plectic class [ω], i.e. a cohomology class which can be represented by a
symplectic form. Both shall be denoted by ω. Let V be a 2-dimensional
smooth closed manifold such that X contains a copy VX and VY of V which
is symplectic with respect to ωX . Such a triple (X,VX , ωX) will be called
a symplectic pair and we will suppress the ωX in the notation henceforth.
Denote the homology class of VX by [VX ] ∈ H2(X) and the fiber sum of two
sympelctic pairs (X,VX) and (Y, VY ) along V ∼= VX ∼= VY by M = X#V Y .
Let A ∈ H2(M,Z) be represented by a connected surface C ⊂ M of
genus g. The surface C decomposes under a symplectic cut into surfaces
CX ⊂ X and CY ⊂ Y , each surface not necessarily connected. We shall
denote the class of CX by AX and similarly for CY . Let r denote the
number of intersection points of the surface CX with VX , counted without
multiplicities. This is of course the same as for CY and VY . On the level of
homology, we have AX · [VX ] ≥ r ≥ 0.
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A classKX ∈ H
2(X,Z) is called a symplectic canonical class if there exists
a symplectic form ω on M such that for any almost complex structure J
tamed by ω,
KX = Kω = −c1(X,J).
We will suppress the dependence on the symplectic form ω as our calcula-
tions will be unaffected by the precise choice of ω.
2.3. Splitting of classes under fiber sums. As described in the intro-
duction, we will apply the sum formula for Gromov-Witten invariants to
determine the minimality of the sum M = X#V Y . For this reason we
need to understand how homology and cohomology classes behave under
the symplectic fiber sum. To begin, we have the following:
Lemma 2.1. Given a fiber sum M = X#V Y and using the above notation,
we have
(1) KM ·A = (KX + [VX ]) · AX + (KY + [VY ]) ·AY ,
and
(2) A2 = A2X +A
2
Y
where A2 = A ·A.
Proof. The first is Lemma 2.3, [7]. The second is in [13], we provide a
sketch here. Consider the map pi : M → X ∪VX=VY Y and a decomposition
pi∗A = AX + AY . Representing AX and AY by appropriate closed surfaces
CX and CY resp., we obtain a closed surface C = pi
−1(CX ∪CY ) in M . The
class of this surface must be A+e for some e ∈ ker(pi∗). Judiciously choosing
a second set of representatives C ′X and C
′
Y and repeating this procedure to
obtain a surface C ′, we can calculate the intersection number of A+ e and
A + e′ from intersections of the surfaces C∗ and C
′
∗
. This leads to the
formula. 
2.4. Minimality of 4-Manifolds.
Definition 2.2. Let EX be the set of cohomology classes whose Poincare´
dual are represented by smoothly embedded spheres of self-intersection −1.
X is said to be (smoothly) minimal if EX is the empty set.
Equivalently, X is minimal if it is not the connected sum of another
manifold Y with CP2.
Definition 2.3. The manifold Xm is called a minimal model of X if Xm is
minimal and X is the connected sum Xm#k CP
2 for some k > 0.
The notion of minimality is also defined for a symplectic manifold (X,ω):
(X,ω) is said to be (symplectically) minimal if Eω is the empty set, where
Eω = {E ∈ EX | E is represented by an embedded ω−symplectic sphere}.
Such a sphere is called an exceptional sphere, its class an exceptional
class. A basic fact proven using SW theory ([25], [14], [11]) is:
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Lemma 2.4. Eω is empty if and only if EX is empty. In other words, (X,ω)
is symplectically minimal if and only if X is smoothly minimal.
A manifold X is called rational if its underlying smooth manifold is either
(S2 × S2)#k CP 2 or CP 2#k CP 2 for some k ≥ 0. A manifold X is ruled
if the underlying smooth manifold is a connected sum of a S2-bundle over
a Riemann surface with k copies of CP 2, k ≥ 0. The following two results
will be useful:
Lemma 2.5. (1) (Thm. 1.5, [21]) If X is not rational or ruled, then
Xm is unique.
(2) (Cor. 3, [11]) If X is not rational or ruled, then no two distinct
exceptional spheres intersect.
The process for obtaining a minimal manifold from X is called blowing
down. This removes the −1-sphere and can be obtained as a fiber sum of
(X,E) with (CP 2,H), i.e. the blown-down manifold Y = X#E=HCP
2.
It can be shown, that after blowing down a finite collection of exceptional
spheres, a minimal manifold is obtained, see Thm 1.1, [20].
The symplectic fiber sum involves a submanifold VX ⊂ X. It is therefore
reasonable to consider minimality with respect to this submanifold:
Definition 2.6. The pair (X,VX) is called relatively minimal if there exist
no exceptional spheres E such that E · [V ] = 0.
The following result shows that we can blow down X in such a manner
that V is preserved and the result is relatively minimal:
Lemma 2.7 (Thm 1.1ii, [20]). Every symplectic pair (X,VX ) covers a rel-
atively minimal symplectic pair (X˜, VX) which may be obtained by blowing
down a finite set of exceptional spheres disjoint from V .
2.5. Gromov-Witten Invariants and Fiber Sums. The main tool in the
proof of minimality will be the sum formula for Gromov-Witten invariants.
This formula relates the absolute GW-invariants of M to the relative GW-
invariants of (X,VX) and (Y, VY ). This section introduces relevant notation
and briefly describes the setup.
2.5.1. Connected Invariants. A stable pseudoholomorphic map is a pair
(Σ, φ) consisting of a connected Riemann surface Σ of genus g and a pseu-
doholomorphic map φ : Σ→ X such that the pair (Σ, φ) has finite automor-
phism group. A curve is an equivalence class of such maps, two maps (Σ, φ)
and (Σ′, φ′) being equivalent if the diagram
Σ X
Σ′
❄
✲φ
 
 
 ✒
φ′
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commutes. If we have additional data on Σ, for example markings, then the
diagram is expected to respect this data as well. Equivalently, we call the
image φ(Σ) a curve in X.
In short, absolute Gromov-Witten invariants 〈α1, ..., αn〉
X
g,A are numerical
invariants of the symplectic manifold (X,ω) associated to equivalence classes
of stable pseudoholomorphic maps (Σ, φ) representing the class A ∈ H2(X)
with genus g and meeting representatives of the Poincare´ dual classes of αi ∈
H∗(X). One method to calculate this number is to integrate an appropriate
choice of classes over the virtual fundamental cycle of the appropriate moduli
space of curves, details can be found in [9]. The dimension of this virtual
cycle equals the index associated to these curves, and hence, for the GW-
invariant to be a meaningful number, the sum of the dimensions of the
constraints must equal the index:∑
deg αi = 2 (−KX · A+ (g − 1) + n) .
If this is not the case, the GW-invariant is defined to be zero.
Example 2.8. Let E ⊂ X be an exceptional sphere, i.e. the embedded
image of a sphere with E2 = −1. Moreover, by the adjunction formula,
KX · E = −1, and by positivity of intersections, we can have at most one
such curve for a given J . Furthermore, the dimension of the moduli space
of exceptional spheres is
−KX · A+ (g − 1) = 0
and thus we have no insertions in the Gromov-Witten invariant save an X
insertion (which we omit), which provides no constraint. In particular, we
obtain (see for example [23])
〈 〉X0,E = 1.
The relative Gromov-Witten invariant 〈α1, ..., αn|β1, ..., βr〉
X,VX
g,A,s has a sim-
ilar interpretation, however the underlying moduli space of stable pseudo-
holomorphic maps contains only such curves which, in addition to meeting
representatives of the Poincare´ dual classes of αi ∈ H
∗(X), meet the hyper-
surface VX ⊂ X at points {p1, .., pr} with prescribed orders s = (s1, .., sr)
and at representatives Bi of the Poincare´ duals of the classes βi ∈ H
∗(V )
with pi ∈ Bi.
As before, we must have∑
deg αi +
∑
deg βi = 2
(
−KX · A+ (g − 1) + n+ r −
∑
si
)
with
∑
si = A · [VX ] for the invariant to perhaps be non-trivial. Note that
the βi lie in the cohomology of V , hence can have at most degree 2, while
the classes αi lie in the cohomology of X and thus can have degree at most
4.
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It should be noted, that we will only be interested in the case that VX is
a sphere. Thus H1(VX) = 0 and we may avoid any rim tori discussions, see
[6].
2.5.2. Disconnected Invariants. Our main interest will be focused on con-
nected curves in the sum M = X#V Y which we will research with regard
to the components in X and Y obtained after cutting M . These component
curves CX and CY will be regarded relative to a symplectic hypersurface
V , but they need not be connected. We now introduce notation for discon-
nected relative invariants.
Let T be a labelled graph with tails. Each tail will be labelled with an
si and denote the contact order of intersection with V of the node from
which the tail emanates. The graph can be disconnected and, if the genus
of the curve is 0, the graph will be a labelled tree. We define a stable
pseudoholomorphic map (T, φ) on this graph and, by a commutative diagram
as in the connected case, an equivalence class of such maps. As before, we
call such classes curves.
In accordance with the relative notation described above, denote a rela-
tive invariant by 〈α1, ..., αn|β1, ..., βr〉
X,VX
T,s , where T contains the necessary
information on the arithmetic genus and class of the curve. The ordering of
the βi and s will associate a cohomology class to each tail of T .
The disconnected invariant is defined as the product of the connected rel-
ative invariants 〈α1, ..., αnk |β1, ..., βrk 〉
X,VX
gk,Ak,sk
of each connected component
Tk of T .
2.5.3. The Sum Formula for GW-Invariants. The sum formula developed
in [9] relates these two invariants: If M = X#V Y is a symplectic fiber sum,
then
(3) 〈α1, ..., αn〉
M
g,A =
=
∑
〈 α˜1, ..., α˜n1 |β1, ..., βk〉
X,VX
TX ,s
δT,s 〈α˜n1+1, ..., α˜n2 |βˆ1, ..., βˆk〉
Y,VY
TY ,s
where the sum is taken over all possible connected labelled graphs T =
TX ∪ TY , decompositions of the αi and possible insertions βi. The classes
βˆ are dual to the classes β in H∗(V ). The number δT,s takes into account
automorphisms of the labelled graph T , see [10]. For the purposes of de-
termining the number of exceptional spheres in the symplectic sum, this
number will be 1 throughout.
Intuitively, this formula states that any J-holomorphic curve in M must
be produced in the sum from the combination of two curves in X and Y ,
keeping in mind that such a curve could lie wholly in X or Y , and that
therefore the absolute invariant on M should be calculable by combining all
possible allowed curves in X and Y . It should be emphasized again, that
we must allow the curves in the summands to be disjoint tuples of curves
such that when summed we obtain a connected genus g curve representing
the class A. For example, we could have two disjoint curves of genus 0 in
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X representing the classes A1 and A2 such that A
2
1 + A
2
2 = −2 summed
with a curve in class [H] in CP 2 to obtain a connected genus 0 curve with
square −1. Configurations of this type must be carefully considered when
calculating the dimension of the respective moduli spaces of maps.
2.5.4. Degenerate Curves. The intuitive understanding of the sum formula
is easily seen to be reasonable, as long as one can prevent curves in X or
Y from having components that lie in the hypersurface V . Curves with
components in the hypersurface V would appear to lose these parts under
the fiber sum operation, yet the whole curve would contribute to the relative
invariants on the right side of the sum formula. Moreover, in the moduli
space of curves, any sequence of curves will converge to a limit by Gromov
compactness and we cannot a priori assume that this limit does not have
components mapping into V . This is a very subtle issue, we now describe
how to handle such limit curves. This is described in detail in [22] and [5]
(see also [9] and [10], [22] contains numerous examples of this construction).
The idea is to extend the manifold X in such a manner, that the com-
ponents descending into VX get stretched out and become discernible. This
extension is achieved by gluing X along VX to the projective completion of
the normal bundleNVX . This completion is denoted by Q = P(NVX⊕C) and
it comes with a natural fiberwise C∗ action. The ruled surface Q contains
two sections, the zero section V0, which has opposite orientation to VX , and
the infinity section V∞, which is a copy of VX with the same orientation both
of which are preserved by the C∗ action. The manifold X#VX=V0Q is sym-
plectomorphic to X and can be viewed as a stretching of the neighborhood
of VX . This stretching can be done any finite number of times. Therefore
consider the singular manifold Xm = X ⊔V=V0 Q1 ⊔V∞=V0 ... ⊔V∞=V0 Qm
which as been stretched m times. This will provide the extended target for
the preglued curves which we now describe.
Any map (Σ, φ) into X with components lying in VX can be viewed as
a map into Xm consisting of a number components: Decompose Σ into Σi,
possibly disconnected, such that φ(Σi) ⊂ Qi (with X = Q0). Then each
curve C = φ(Σ) defines a decomposition into levels Ci which lie in Qi. Each
must satisfy a number of contact conditions: Ci and Ci+1 contact along V
in their respective components (Qi, V∞) and (Qi+1, V0) such that contact
orders and contact points match up. The imposed contact conditions on VX
given in s are imposed on the level Cm where it contacts V∞ of Qm.
The curves Ci, viewed as maps into Xm, must satisfy certain stability
conditions. In X, these are the well known standard conditions on the
finiteness of the automorphism group. For those mapping into Qi, i > 0, we
identify any two submanifolds which can be mapped onto each other by the
C
∗ action of Q.
We obtain a curve Cg in X meeting VX as prescribed by s from C0 ∪
C1 ∪ ... ∪ Cm by gluing along V in each level. The homology class of the
preglued curve C is calculated as the sum of the homology class of C0 and the
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projections of the class of Ci into H2(V ). The projections in 4-dimensions
are just the classes [V ] (or multiples of [V ]) and [pt] in H2(V ), the images
of a section and a fiber respectively.
For each such curve C representing the class A, it is possible to determine
the index of the associated differential operator and hence determine the di-
mension of the strata in which it lies from this construction. In the following
calculation we shall assume that there are no absolute insertions, this is the
case of interest in in Section 4. At level i > 0 denote the following:
• ri0 and ri∞ are the number of contact points of the curve Ci ⊂ Q
with V0 and V∞ respectively,
• the (arithmetic) genus of Ci is gi and
• [V0] and [V∞] the classes of the zero and infinity divisor in H2(Q).
Then the index of Ci is given by
Ii = −KQ · [Ci] + (gi − 1) + ri0 − [Ci] · [V0] + ri∞ − [Ci] · [V∞]− 1,
where the last subtraction is due to the C∗-action. At level i = 0 we have
the index
I0 = −KX · [C0] + (g0 − 1) + r0 − [C0] · [VX ].
Note that [Ci] · [V∞] = [Ci+1] · [V0] and ri+1 0 = ri∞. The latter implies∑m
i=1 ri0 =
∑m−1
i=0 ri∞. Moreover, a curve with r contact points on V has
r = rm∞. The index IC of the m+ 1 level curve C is then given by
IC =
m∑
i=0
Ii − 2
m∑
i=1
ri0
where the last term accounts for the transversality conditions at the inter-
sections of the Ci which are needed to ensure that we can glue to obtain a
curve in X as described above. Combining these results with Lemma 2.1
and using the fact that the genus g of the glued curve C is given by
g =
m∑
i=0
gi +
m∑
i=1
(ri0 − 1) =
m∑
i=0
gi +
m∑
i=1
ri0 −m
allows us to calculate the index of a curve C obtained by gluing m+1 levels
{Ci} with no absolute markings:
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IC =
m∑
i=0
Ii − 2
m∑
i=1
ri0
= −KX · [C0] + (g0 − 1) + r0∞ − [C0] · [VX ]
+
m∑
i=1
{−KQ · [Ci] + (gi − 1) + ri0 − [Ci] · [V0] + ri∞
−[Ci] · [V∞]− 1} − 2
m∑
i=1
ri0
= −
(
KX · [C0] +
m∑
i=1
{KQ · [Ci] + 2[Ci] · [V0]}
)
+
m∑
i=0
(gi − 1) +
m−1∑
i=0
ri∞ + rm∞ −A · [VX ]−m−
m∑
i=1
ri0
= −KX · A+
(
m∑
i=0
(gi − 1) +
m∑
i=1
ri0
)
+ r −A · [VX ]−m−
m∑
i=1
ri0
= −KX · A+ (g − 1) + r −A · [VX ]−m−
m∑
i=1
ri0.
Thus we obtain
Lemma 2.9. Assume (X,V ) is a symplectic pair and dim X = 4. Let C be
a preglued curve with m+1 levels representing the class A ∈ H2(X) with no
absolute marked points, r relative marked points on V and prescribed contact
orders with V given in s = (s1, ..., sr). Then, for generic almost complex
structures J among those making VX pseudoholomorphic, the curve C lies
in a strata of dimension no larger than
(4) I(A, g) −m
where I(A, g) = −KX ·A+ (g − 1) + r −
∑
si and
∑
si = A · [VX ].
It follows, that such degenerate curves lie in strictly lower dimensional
strata of the moduli space and hence, for generic J , do not contribute to the
GW-invariants in the formula above. We may thus discount such curves in
the Gromov-Witten theoretic arguments of the following section.
3. Symplectic Sums along Spheres
In four dimensions, the condition on the Euler classes of the normal bun-
dles of V in X resp. Y can be written in terms of the squares of the classes
of V :
[VX ]
2 + [VY ]
2 = 0.
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We shall assume that [VY ]
2 ≥ 0. As we are summing along a sphere, Thm.
1.4, [20], shows that we must have one of the following four cases for (Y, VY )
(This can also be found in [4].):
• (Y, VY ) = (CP
2,H),
• (Y, VY ) = (CP
2, 2H),
• Y a S2-bundle over a genus g surface, VY a fiber, or
• Y a S2-bundle over sphere, VY a section.
The last case, with VY a section, has already been used in Section 2 when
describing higher level curves. The manifold Q is precisely such a ruled
manifold. The first case would imply that VX is an embedded sphere of self-
intersection −1, hence this is just the standard blow-down of an exceptional
sphere.
A symplectic sum with (Y, VY ) = (CP
2, 2H) is called a rational blow
down of a −4-sphere in X. This will be the most interesting case to be
considered, so we provide some examples.
Example 3.1. It is easy to construct a symplectic −4-sphere in any sym-
plectic manifold X: Blow-up a point p ∈ X to obtain an exceptional sphere
e1. Then blow-up three distinct points on e1 to change the first exceptional
sphere into an embedded symplectic −4-sphere V . Note that [e1] · [V ] = −1.
In particular, this type of −4-sphere is the only type to be found in
irrationally ruled surfaces:
Example 3.2 (Ruled Surfaces). Let X be an irrationally ruled surface,
i.e. a surface with minimal model a S2-bundle over a Riemann surface Σg
with g > 0. For a given surface Σg, there are only two S
2-bundles over
it, the trivial bundle Σg × S
2 and the nontrivial bundle Σg×˜S
2. Note that
(Σg × S
2)#k CP 2 is symplectomorphic to (Σg×˜S
2)#k CP 2 for k > 0.
Clearly, any rational curve must lie in a fiber of the bundle, hence in
particular neither Σg × S
2 nor Σg×˜S
2 contain a −4-sphere. Denoting the
fiber class by f and the classes of the k exceptional spheres by ei, a rational
curve must lie in class af −
∑k
i=1 aiei. In the case of a −4-sphere, we obtain
the relations
−4 = −
k∑
i=1
a2i and 2 = −2a+
k∑
i=1
ai.
From this it clearly follows that k ≤ 4 for the pair (X,VX ) to be relatively
minimal. Moreover, the only solutions to the first equation are
k = 1 : a1 = ±2, or k = 4 : ai = ±1.
The k = 1 case would lead to a = 0 or a = −2 and the classes [VX ] = −2e1 or
−2(f − e1). However, e1 and f − e1 are representable by symplectic surfaces
(Both are exceptional spheres!), hence the classes obtained for [VX ] are not.
The k = 4 case allows for 5 possible combinations of signs for the ai
(assuming no ordering of the ai), each leading to a new value of a. As it
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turns out, each can be understood as the blow-up of an exceptional sphere
in three points. They are summarized in the following table:
(a1, a2, a3, a4) a af −
∑
ai = [VX ]
(1, 1, 1, 1) 1 (f − e1)− e2 − e3 − e4
(−1, 1, 1, 1) 0 e1 − e2 − e3 − e4
(−1,−1, 1, 1) −1 e1 − (f − e2)− e3 − e4
(−1,−1,−1, 1) −2 e1 − (f − e2)− (f − e3)− e4
(−1,−1,−1,−1) −3 e1 − (f − e2)− (f − e3)− (f − e4)
Example 3.3. Let X˜ be a Kummer surface, i.e. a K3 surface with em-
bedded symplectic −2 spheres. Then blow up X˜ at two distinct points on
a single −2 sphere V˜ . The new manifold X = X˜#2 CP 2 contains a sym-
plectic submanifold VX which is a sphere of square −4, this is the proper
transform of V˜ . Note that VX intersects each exceptional sphere in a single
point.
In any elliptic K3 surface, we can obtain a −4-sphere by blowing up the
nodal point in a fishtail fiber. In this case, the intersection of the sphere
with the exceptional fiber is 2.
Example 3.4 (Rational Manifolds containing −4-spheres). Rational mani-
folds are X = CP 2#k CP 2 with k ≥ 0. We would like to find classes A such
that A is representable by an embedded symplectic −4-sphere. We construct
examples as follows: We take an immersed pseudoholomorphic sphere, with
double points as its only immersion points, in CP 2. Blowing up the nodal
points and then, if necessary, blowing up further, we obtain a symplectic
embedded sphere with self-intersection −4.
Thus we begin with a class a[H] which is representable by an immersed
or embedded pseudoholomorphic sphere in CP 2. Gromov-Witten theory en-
sures, that for each a > 0 there exist immersed or embedded pseuodoholo-
morphic spherical representatives. Denoting by δ the number of double
points of a representative of a[H] in CP 2, we consider classes A = a[H] −
2
∑δ
i=1 ei −
∑k
i=δ+1 ei. Clearly, the inequality a
2 − 4δ ≥ −4 must hold, oth-
erwise there are too many nodal points. Using the adjunction equality for
a[H] to determine the number of nodal points, we obtain an upper bound
for a:
a2 − 4δ ≥ −4 ⇒ a2 − (2a2 − 6a+ 4) ≥ −4 ⇒ a ≤ 6.
The following table summarizes the results:
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a δ k A
1 0 5 [H]−
∑5
i=1 ei
2 0 8 2[H] −
∑8
i=1 ei
3 1 10 3[H]− 2e1 −
∑10
i=2 ei
4 3 11 4[H]− 2
∑3
i=1 ei −
∑11
i=4 ei
5 6 11 5[H]− 2
∑6
i=1 ei −
∑11
i=7 ei
6 10 10 6[H]− 2
∑10
i=1 ei
It should be noted, that for 2 ≤ a ≤ 5, all examples above contain ex-
ceptional spheres E with E · A = 0, i.e. they are not relatively minimal.
For example, an exceptional sphere in class H − e1 − e2 will not meet A for
2 ≤ g ≤ 4 and an exceptional sphere in class 3H − 2e1 −
∑8
i=2 ei does not
meet A for a = 5.
The example with a = 1 is particularly interesting: The first blow-up
produces a fiber H−e1, the second produces two exceptional spheres e2 and
H−e1−e2. Blowing up the latter in further 3 points produces a −4-sphere.
This is the method described in Example 3.1 for constructing −4-spheres,
however, in rational or ruled manifolds we have a considerable number of
further exceptional spheres, in contrast to non-rational or ruled setting.
We note that the case a = 6 is relatively minimal and that every excep-
tional sphere E satisfies E · A = 2. This follows from the fact, that in this
case A = −2KX .
The examples discussed above provide us with two methods for construct-
ing −4-spheres in rational manifolds: Blowing up exceptional spheres as
in Ex. 3.1 and blowing up immersed pseudoholomorphic spheres. These
lead to the rational examples described in the table above, those obtained
from the method described in Ex. 3.1 and the blow-up of a fishtail fiber in
CP 2#9 CP 2 ∼= E(1).
Question 3.5. Are there other classes in CP 2#k CP 2 representable by
symplectic −4-spheres?
Of particular interest are the blow-up of the fishtail fiber, which is the
blow up of the anticanonical class −K in CP 2#9 CP 2 as well as the final
class in the table above, which is the blow-up of a double point in −2K.
This leads to the following simpler question:
Question 3.6. For which (n, a) can the blow-up of a representative of
−nKX in X = CP
2#9 CP 2 be represented by a symplectic −4-sphere in
class −nKX − ae?
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These two questions (for k ≤ 10) will be of particular interest when
considering the Kodaira dimension of symplectic sums along spheres, see
[1].
4. Minimality of Sums along Spheres
If (X,VX) is not relatively minimal, then clearly any symplectic sum
will contain exceptional spheres. Thus we assume in the following, that
all exceptional spheres E which do not meet VX have been blown down,
i.e. (X,VX ) is relatively minimal. We consider minimality with regard to
the list given in Section 3. We first consider sums with S2-bundles. Then
we make some general statements about relative invariants in CP 2 before
considering the issue of minimality in sums with CP 2.
4.1. Minimality of Sums with S2-bundles. This is the simplest cases
and makes no use of the advanced machinery from GW-theory.
4.1.1. Y a S2-bundle over a genus g surface, VY a fiber. As [VX ]
2 = 0, X
must also be a S2-bundle over a surface of genus g˜ and VX a fiber. In this
case the fiber sum X#V Y is again a S
2-bundle over a surface of genus g+ g˜.
If g+g˜ > 0, then the sum is minimal asX and Y are assumed to be relatively
minimal.
If either of X or Y is S2 × S2, then the fiber sum does not change the
diffeomorphism type. If both X and Y are the nontrivial S2-bundle over
S2, then the fiber sum contains a section of square 2. This determines the
diffeomorphism type as that of S2 × S2, hence the sum is minimal.
It follows that M = X#V Y is minimal except possibly if Y = S
2 × S2
and VY is a fiber, in which case M is minimal if and only if X is minimal.
4.1.2. Y a S2-bundle over a sphere, VY a section. In this case, as was shown
in [27], X#V Y and X are diffeomorphic. Hence, the sum is minimal if and
only if X is minimal.
4.2. Vanishing of Relative Invariants in CP 2. The complex projective
space CP 2 will play a central role in the following discussion of minimality.
We will need to calculate relative invariants with no absolute insertions, we
call these purely relative. In this section we state some vanishing results for
purely relative invariants on CP 2.
Lemma 4.1. [Lemma 2.7, [22]] Consider the symplectic pair (CPn,CPn−1).
Let λ ∈ H2(CP
n) denote the class of a line. If n > 1 and d > 0 then
〈 |β1, ..., βr〉
CPn,CPn−1
0,dλ,s = 0
for all insertions βi ∈ H
∗(CPn−1).
For a purely relative invariant of a symplectic 4-manifold (X,VX , ω) to
be non trivial, a necessary condition is
2 (−KX ·A+ g − 1 + r −A · [VX ]) =
∑
deg βi ≤ 2r
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which can be rewritten to obtain the condition
(KX + [VX ]) · A ≥ g − 1.
Lemma 4.2. Let (X,VX) be a symplectic pair and A ∈ H2(X). Assume
dimCX = 2. If
(KX + [VX ]) · A < g − 1,
then all purely relative invariants 〈 |β1, ..., βr〉
X,VX
g,A,s vanish.
A simple but useful corollary is
Corollary 4.3. Let (X,VX) = (CP
2, bH) and consider the class A = a[H]
for a > 0.
(1) If b = 1, all purely relative invariants in class A with g = 0 vanish.
(2) If b = 2, all purely relative invariants in class A with g = 0 vanish
for a ≥ 2.
(3) If b ≤ 2, then all purely relative invariants of genus g > 0 vanish.
Proof. The first statement is an application of Lemma 4.1. The second
follows from Lemma 4.2:
(KX + [VX ]) ·A < g − 1 ⇒ −[H] · a[H] = −a < −1.
If we consider g > 0, then for b ≤ 2 we must have
(−3 + b)a < g − 1,
which is surely satisfied, proving the third statement. 
4.3. Symplectic Sums for Embedded Curves. In our setup, we wish
to determine the GW-invariant associated to an embedded curve. The fact
that the curve in the symplectic sum is embedded will allow us to eliminate
certain configurations from consideration.
Note first, that the symplectic sum occurs in an arbitrarily small neighbor-
hood of the hypersurface V . Moreover, the sets of almost complex structures
making VX resp. VY pseudoholomorphic are only constrained on the hyper-
surfaces. At any point away from V , the almost complex structures can be
perturbed locally without constraint.
Consider therefore a pair of classes (AX , AY ), contributing to the sum
formula, such that for generic (JX , JY ) the moduli spaces associated to
one (or both) of the classes contains a curve (T, φ) such that φ(T ) is not
embedded at a point away from V but which is counted in the sum formula
for some choice of admissible insertions. Then there exist almost complex
structures J on M = X#V Y , contained in the generic set obtained for the
class A (↔ (Ax, AY )), for which the absolute invariant counting embeddings
(Σ, ψ) of class A inM would have a contribution from a non-embedded curve
ψ(Σ).
Thus we need only consider pairs (AX , AY ) in the sum, such that any non-
embedded behavior occurs on the hypersurface V . This rules out multiple
covers as contributors in the sum formula.
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4.4. Minimality of Sums with CP 2. We now show, that under blow-
down we obtain no new exceptional spheres while for the rational blow-down
it is possible to obtain an exceptional sphere via gluing.
Consider a pseudoholomorphic map (T, φ) into CP 2. Let C1 and C2
correspond to the image under φ of two disjoint connected components of
T . Then C1 and C2 intersect in CP
2, so that even if φ restricted to each
component is an embedding, the image φ(T1∪T2) is not an embedded curve.
If such a curve is to contribute to the absolute invariant for an embedded
curve in the sum formula, then we shall need to ensure that C1∩C2 ⊂ VCP 2 .
However, in the GW-invariants, we have no tools available to ensure this,
as homological insertions will not suffice. We may thus assume, that in the
following arguments involving an embedded connected exceptional sphere,
the maps on the CP 2 side are from connected Riemann surfaces Σ and φ is
an embedding.
4.4.1. (Y, VY ) = (CP
2,H). In this case VX ⊂ X represents an exceptional
sphere.
Assume first that X is not rational or ruled. Then no two exceptional
spheres intersect, see Lemma 2.5, hence, having assumed (X,VX) is rela-
tively minimal, in this case X = Xm#CP 2 for some minimal manifold Xm.
The fiber sum M = X#V Y is just the blow down of X, i.e. M = Xm.
Hence the result is always minimal for any relatively minimal (X,VX).
If X is rational or ruled, we can no longer assume that VX is the only
exceptional sphere in X. However, assuming relative minimality implies
that all other exceptional spheres must satisfy E · [VX ] 6= 0, more precisely
Lemma 3.5, [15] shows that E · [VX ] > 0.
We will use the sum formula to show that M is a minimal manifold.
Assume that M is not minimal and let E denote an exceptional class in M .
The sum formula for this configuration is as follows:
1 = 〈 〉M0,E =
∑
〈 |β1, ..., βr〉
X,VX
TX ,s
〈 |βˆ1, ..., βˆr〉
CP 2,H
T
CP2
,s
where we have no absolute insertions, see Ex. 2.8.
As discussed above, we may assume TCP 2 has one connected component.
Consider the invariant 〈 |βˆ1, ..., βˆr〉
CP 2,H
0,B,s on CP
2. All classes B = a[H] must
satisfy a > 0 to be effective. For classes with a > 0, Lemma 4.1 shows that
the purely relative invariant vanishes.
Thus we see that no configuration exists such that the sum formula pro-
vides a non-zero answer, hence M must be minimal.
4.4.2. (Y, VY ) = (CP
2, 2H). The rational blow-down of a symplectic −4-
sphere can produce a non-minimal manifold M . This section provides three
examples of this behavior. Assuming (X,VX ) is relatively minimal, the ap-
pearance of an exceptional sphere in the fiber sum is rather more subtle than
in the cases of S2-bundles, i.e. it is not just dependent on the minimality or
non-minimality of X.
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Cor. 1.7, [4] states, that embedded symplectic surfaces in X and Y in-
tersecting V transversely and positively can be glued to obtain a symplectic
surface in M . This is of course at the core of the GW-sum formula, but in
the following examples we make direct use of this result.
We begin with an example which makes no use of an exceptional sphere
in the initial manifold X to produce an exceptional sphere in the sum.
Example 4.4. Let X = CP 2#10 CP 2 and [VX ] = 3[H] − 2e1 −
∑10
i=2 ei.
Then the classes 2[H]−
∑4
i=1 ei and e1− e2 are representable by symplectic
embedded spheres of self-intersection 0 and −2 respectively each intersecting
a hypersurface VX in a single transverse positive point. The rational blow-
down of VX will produce a symplectic exceptional sphere from these two
spheres when glued to a line H in CP 2. However, note that (e1 − e2) ·
e1 = −1, thus there exists no J making both spheres J-holomorphic at the
same time. Moreover, the initial configuration ensuring that such curves
exist is highly non-generic: The sphere representing 2[H] must intersect
the immersed sphere representing 3[H] in the double point and in such a
manner, that after blowing up this double point the manifolds representing
e1, 3[H] − 2e1 and 2[H] − e1 all intersect in a single point. It is this point
which is then blown-up to obtain the −2-sphere representing e1 − e2.
X CP 2VX
C2
C1
VCP 2
H
Figure 2. This configuration of curves leads to non-minimal
M = X#V Y in Ex. 4.4 and 4.5.
Note that the configuration does have at least two exceptional spheres
meeting VX as described in Thm. 1.2. In the next section it will be seen
that such a configuration always exists in X relative to VX if the manifold
M is non-minimal (and (X,VX) is relatively minimal), i.e. the configuration
described in Thm. 1.2 is a criterion for the non-minimality of the sum.
We now consider examples with exceptional spheres contributing to the
construction in the sum. We shall see two different configurations which
lead to non-minimal sums. The first is the configuration mentioned in Thm.
1.2.
Example 4.5. The only classes with embedded spheres as representatives
in CP 2 are AY ∈ {[H], 2[H]}. If AY = [H], then, applying Lemma 2.1, we
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obtain that A2X = −2 and AX ·[VX ] = 2. Letting the class AX be represented
by two disjoint spheres A1 and A2 such that (A1 + A2)
2 = A21 + A
2
2 = −2
we obtain KX · AX = −4− (A
2
1 +A
2
2) = −2, and thus KX#V Y ·A = −1.
Such a configuration of curves can be found in Ex. 3.3. In the manifold
X, each exceptional sphere intersects VX positively and transversally in a
single point of order 1. Hence, the fiber sum M = X#VX=2HCP
2 contains
a single exceptional sphere generated by the two exceptional spheres and
H ⊂ CP 2, see Fig. 2.
Example 4.6. Consider a configuration of exceptional spheres in V such
that e1 · [VX ] = 1 and e2 · [V ] = 2. (Such a configuration is hidden in
Ex. 4.4.) Then the rational blow-down of VX will be non-minimal. This
can be seen as follows: Lemma 5.1, [4] allows us to blow down e1 in X
while blowing up a point in 2H ⊂ CP 2 without changing the diffeomor-
phism type of the fiber sum M , i.e. M = X#VXCP
2 is diffeomorphic to
(X#e1CP
2)#V˜ (CP
2#CP 2) where V˜ is the blow-up of 2H in a point. The
latter is the sum of a non-minimal manifold X#e1CP
2 with an S2-bundle
along a section. Thus, by the results in Section 4.1, M is non-minimal. The
precise appearance of an exceptional sphere can be seen in the following
diagrams:
X CP 2VX
e2
e1
VCP 2
H1 H2
Figure 3. The rational blow-down M = X#VXCP
2 of the
−4-sphere VX .
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X#e1CP
2
CP 2#CP 2V˜X
e2
e
V˜
CP 2#CP 2
H1 − e H2 − e
Figure 4. (X#e1CP
2)#V˜ (CP
2#CP 2)
4.5. Rational Blow-down. The main purpose of this section is to provide
a criterion which will allow us to determine whether the rational blow-down
will be minimal or not. This again makes use of the sum formula for Gromov-
Witten invariants developed in [9]. We show that the configuration in Ex.
4.5 is the only configuration leading to an exceptional sphere in the sum
for a generic choice of almost complex structure J among those making the
−4-sphere J-holomorphic.
The sum formula is as follows:
1 = 〈 〉M0,E =
∑
〈 |β1, ..., βr〉
X,VX
TX ,s
〈 |βˆ1, ..., βˆr〉
CP 2,2H
T
CP2
,s
where βˆi is dual to βi in H
∗(V ). We may again restrict ourselves to only
connected embedded curves in the CP 2 invariant as in the case (Y, VY ) =
(CP 2,H).
Cor 4.3 shows, that only if B = [H] does the invariant 〈 |βˆ1, ..., βˆr〉
CP 2,2H
0,B,s
possibly contribute non-trivially. Moreover, in this case we actually have
r∑
i=1
deg βi = 2 (−(−3[H]) · [H]− 1 + r − 2[H] · [H]) = 2r.
Thus the relative insertions in the CP 2 invariant for the class B = [H] must
be one of the following:
(a) a single point insertion (deg β1 = 2) with contact order 2 or
(b) two point insertions (deg βi = 2), at each point with order 1.
Moreover, the restrictions on the CP 2 side lead to the following conditions
on the class AX (see Lemma 2.1):
(5) AX · [VX ] = 2, A
2
X = −2 and KX ·AX = −2.
One contact point of order (2): Consider any embedded curve CX =
φ(TX) representing AX . The curve CX must be connected, as we have only
one contact point with VX and the exceptional sphere in M is connected.
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Moreover, CX cannot be the image of a simple J-holomorphic map, as oth-
erwise the adjunction formula would imply
KX ·AX ≥ 0
contradicting Eq. 5.
Thus no pseudoholomorphic maps meeting VX in a single point of contact
order (2) contribute in the sum formula.
Two distinct contact points: Denote by A∗ = [C∗] ∈ H2(X) the
classes of the two disjoint curves C1 and C2. These classes must satisfy
A21 +A
2
2 = −2 and A1 · [VX ] = 1 = A2 · [VX ]
while A1 ·A2 = 0. Both curves must have genus 0.
The two curves are chosen disjoint and we need to calculate the invariant
〈 |β1, ..., βr〉
X,VX
TX ,(1,1)
where the graph TX consists of two distinct nodes each
with a tail and no edges. Due to the definition of this invariant, we consider
the existence of each curve separately.
The dimension of the strata of curves representing A1 is
dimC = A
2
1 + 1.
For this to have non-negative dimension A21 ≥ −1. The same dimension
statement holds for A2 as well. Hence we obtain A
2
1 = A
2
2 = −1. This
corresponds to two disjoint exceptional spheres C1 and C2.
This exhausts all possible configurations and allows us to state the fol-
lowing cirterion:
Lemma 4.7. Consider the rational blow-down M of (X,VX ). M is not
minimal if:
• (X,VX ) is not relatively minimal or
• X contains 2 disjoint distinct exceptional spheres Ei each meeting
VX transversely and positively in a single point with [Ei] · [VX ] = 1.
Remark 4.8. This result is no longer true in the smooth category. As was
shown in Ex. 2 of Section 3, [3], a K3-surface contains a smooth embedded
−4-sphere which, when it is blown down, produces a manifold diffeomorphic
to 3CP 2#18 CP 2.
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